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Fractional Fourier Transform was first introduced as a way to solve certain classes of ordinary and partial differential
equation arising in quantum mechanics. Fractional Fourier Transform has established itself as a powerful tool for the
analysis of time varying signals, especially in optics. Wavelet transform is used for decomposing a signal into a set of
several basis functions, which are nothing but wavelets. Wavelet transform is a more suitable technique for image
compression applications. The aim of this paper is to discuss Operational transform formulae on fractional Fourier-
Wavelet transform which are useful to solve some linear and non-linear partial differential equation.
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INTRODUCTION :

Fractional Fourier transform is generalization of
Fourier transform which was introduced by
Victor Namias in 1980’s in the field of quantum
mechanics for solving some classes of
differential equations efficiently [1]. Later,
Ozaktas came up with the discrete
Implementation of fractional Fourier transform.
Since then, a number of applications fractional
Fourier transform have been developed, mostly
in the field of optics [2]. The Fourier transform of
a function can be considered as a linear
differential operator acting on that function. The
fractional Fourier transform generalizes this
differential operator by letting it depend on a
continuous parameter ‘a’ , Mathematically,
at" power of Fourier transform operator [3].

The Fractional Fourier transform of f(x) is given
by

FrFT{f(x)}=f_°°mf(x) K, (x,p) dx ...(1.1)

i

where, K,(x,p) = Caem[(xz‘sz)Cosa—pr]
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1-icota
where Ca = “om

In 1909 wavelet was firstly introduced by Alfred
Haar, the progress in the field of wavelet was
relatively slow wuntil 1980’s. The wavelet
transform has been show to be an appropriate
tool for time-frequency analysis. Also it has
applications in many fields of signal processing
image communication radar etc [5]. The wavelet
transform is of interest for the analysis of non-
stationary signals because it provides an
alternative to classical linear time-frequency
representations with better time and frequency
localization properties [6]. The continuous
wavelet transform stands for a scale-space
representation and is an effective way to analyze
non-stationary signals and images [6]. The
Continuous wavelet transform is a scale-space
representation of a given function which may be
regarded as a joint representation by identifying

the scale with a frequency ratio[7].
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i i i . (t=b\?
The continuous Wavelet transform of f(t) is K,(x,p, t,a,b):Cem[(xzwz)ws“_z"p]em(tT)

given by
T _ [1-icota
Wy{f (©3}(b,a) = f_wwf(t)ll_)b,a(t)dt bERaER- where 0 <a <7 and C= ’—anal .
{0} ...(1.2) K,(x,p,t,a,b) belongs to the testing function

(t=b)? space and f(x,t) lies in its dual space.
where 1), ,(t) = 1L min(Z) P f@xn P
lal The purpose of this paper is briefly introduced
The Fractional Fourier-Wavelet transform of

f(x,t) is defined as
FrEWT{f (x,t)} = F,(p,b) =
J2 2 F, K (x,p, t, a, b)dxdt ...(1.3)

fractional Fourier-Wavelet transform and its
operational transform formulae like scaling
property, Differentiability property, Modulation

property, Parseval’s identity.
where

Differential Property:
i) FrEWT{f'(x,t)}(p,a, b) = (—icota) FrFWT{xf (x,t)} + (ipcoseca) FrFWT{f (x,t)}

2imt 2imb

ii) FrEWT{f'(x, )}, a, b) = ( )F FWT{tf (x,t)} +( )FrFWT{f(x ).

Proof:

i) Consider

rr 1—icota
FrFWT{f’(x, t)}(P, a, b) — J- J- Tlalezsma[(x +p?)cosa—2xp] ln( ) f (x t)dxdt

—00 —00

t-b\?

=c[% () [f:o ezeinal O HPPc0sa=23] g1 () t)dx] dt

. (t=b\? i o
Cfoo eln(T) {(eZsina[(xz+p2)COSU(—2Xp]f(x t)dx) -

f—moo ezsma[(x +p*)cosa=2xp] ZSiiTw( [2x cosa — 2p]f(X. t)dx} dt

© in(ﬂ)z ©  ——[(x%+p?)cosa-2xp] ,
=CJ e\ {— L. evin [ix cosa — ip cosecalf (x, t)dx} dt

2 -b\?
(- Lcosa)Cf f einal " +P?)cosa-2xpl () xf (x, t)dxdt +

(ip coseca) [* [ ezl 6 4p7)cosa=2xp] in(* h)zf(x, t)dxdt
FrEWT{f’' (x,t)}(p, a,b) = (—icota) FrFWT{xf (x,t)} + (ipcoseca) FrEWT{f (x,t)}

ii) Consider

FT'FWT{f’(X, t)}(p,a, b) = f_°°oo f_oooo “ﬂez_[(x +p?)cosa—2xp] ln’( )f (x, t)dxdt

2m|al

Cf ezsma [Ge? +p*)cosa—2xp] {foo ein(%)zf'(x t)dt} dx
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(o3

_m 2 *© e
C % emmal @ +p*)cosa=2xp] Ke“’(%) fx, t)> g el 2D f(x, t)dt}

a?

Cf 625ma [G*+p®)cosa~2xp] {— foo ein(%)z (M 2mb) f(x t)dt}

( th) f f ezsma [(x?+p*)cosa—2xp] m( )f(x t)dtdx +

() o2, g el ptcosa=2l in() £ g

2imt 2imb

FrEWT{f' (x,)}(p,a,b) = ( )F FWT{tf (x,t)} +( )FrFWT{f(x ).

Modulation Property:
i)
FrEWT{f (x,t) cos(gx + hy)}(p,a,b) =

i{FTFWT[f(x, t) el *th)(p,a, b) +
FrFWT[f (x, t) e"{@0*+M)](p, a, b)}

i)
FrFWT{f (x,t) cos(gx + hy)}(p,a,b) =
%{FrFWT[f(x, t) e!9x*h)](p,a,b) —

FrFWT[f (x, t) e"{@0*+M)](p, a, b)}

Proof: i) Consider

(o]
1 —icota
FrFWT{f(x, t) cos(gx+hy)}(p, a,b) = f J- Tlalezsma[(x +p?)cosa—2xp] zn( )f(x t) cos(gx + hy)dxdt
—00 —0o
i( +hy) 4 p—i(gx+hy)
_ ijooo f_ ezsma[(x +p2)cosa— 2xpl, ( )f(x )dedt
[oe] [oe)
= %{C J- f ezsma[(x +p?)cosa—2xp] ln( )f(x t) el(gx+h37)dxdt
—00 —00
[ee] [e0] 2
" c f f emna[(x +p?)cosa— 2xp) ,im ( b) f(x,t)e‘i(gx+h3’)dxdt

FrEWT{f (x,t) cos(gx + hy)}(p,a,b) =
%{FrFWT[f(x, t) el *h(p,a,b) +
FrFWT[f (x, t) e 7@+ ](p, a, b)}

ii) Consider

FrEWT{f (x,t) sin(gx + hy)}(p,a,b) =
f f 1- lcotae sma[(x +p?)cosa—2xp] m( ) f(x t) sm(gx + hy)dxdt

2m|al

ei(gx+hy)_o—i(gx+hy)

Cf f ezsma (G +p*)cosa~ ZXP ( ) f(x ) —dxdt
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{ f f ezsma [(x*+p*)cosa—2xp] lT[( ) f(x t) e"(gx+hY)dxdt —

Cf f ezsma (x +p2)cosa 2xp] ”T( ) f(x t)e_L(ngrhy)dxdt}

FrFWT{f (x,t) cos(gx + hy)}(p,a,b) =
%{FrFWT[f(x, t) el *+hN](p,a,b) —
FrFWT[f (x, t) e"{@0*+)]|(p, a, b)}

Scaling Property:

FrEWT{f (gx, ht)}(p,a,b) = ﬁ FrEWT{s(x, t)}(p, a, b)

where s(x,t) = eZSti"a[(ly_f )QZCOS“_Z”Q(%)]+%((%)z'ﬁ+mb Rz)

Proof: Consider

ror 1—icota
FrEWT{f (gx, ht)}(p,a, b) = f f Tlalezsma[(x +p?)cosa—2xp] m( )f(gx ht)dxdt

Puttinggx:Qegdx:dQ_,dx:%Q
ht=R—>hdt:dR—>dt:dTR

FrEWT{f(gx, i)}(p,a,b) = C [~ [ eﬁ[(y% P )Cosa Qp]eaz( ) f@, R) 29 2%

; 1-g2 Q in((R\%2 2Rb
= gc—hezsmap cosa f f ezsilna[(1+g_2 )o? C"S“__p+2pq( 9)- ZZ’Q( 9) e%((n) +b2>f(Q,R)dQ dR
—00 —00
[ee) [ee] 2
— ihemmp cosa f f ezsma[QZCOS“ 2Qp] eZSma(lg—zg )chosa
9 —00 —00

ezsma( pQ( ))e;—’;((R)Z R0 +b2~2Rb+R*+2Rb—R )f(Q. R)dQ dR

R=b\?

c f ominal(@+p?)cosa—20p] ,in(*7) eﬁ[(;—zgz )chosa—sz(l_Tg)]+;—’§((Dz 2Xb+2Rb-R >f(Q,R)dQ dR

gh

é\g

Z L (°  ammmal@+p?cosa-20p] in("2) (x,£)dQdR
S L[ [ e st
L )chosa—ZPQ(l_Tg)]’ri_n((i)z ZRb+2Rb Rz)

i
where s(x,t) = eZsina[(g =z

FrEWT{f (gx, ht)}(p,a, b) = gih FrEWT{s(x, t)}(p,a, b).
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Parseval’s Identity:

i S5 1% g dxdt =55 [ [ F(p,a,b)G(p, a,b)dpdb
i) S I [f G Pdxde = 555 (7, 7, 1F(p,a,b)|Pdpdb

Proof:
i) By the definition of fractional Fourier-Wavelet Transform

(o)

1- Lcota
F(p,a,b) = f f znlal Seimal(x?+p?H)cosa—2xp] m( )f(x t)dxdt

—00 —00

-C f J- ezsma [(x2+p?)cosa—2xp] I.TL’( )f(x t)dxdt

1-icota

where C =
2m|al

using inversion formula for fractional Fourier-Wavelet transform

[oe) (o]

gt = coseca f J‘ sl (P +p?)cosa—2p] —m.'( ) G(p, a, b)dpdb
g(x t) = cosicca f f ezsma[(x +p?)cosa— 2xpl, ( )—G(p,a D)dpdb
Consider
f J (o, g0 Ddxdt = J‘ f o )[coseca J‘ f ezsma[(x +p?)cosa—2xp] m( ) G(p,a b)dpdb| dxdt
= f J- C;Zi(;a[f J- ezsma [(x*+p?)cosa—2xp] ln( )f(x t)dxdt] —G(p,a bYdpdb
coseca [
s | f F(p,a,b)G(p, @, B)dpdb
coseca -
J f flx, t)g(x t)dxdt = 822 f f F(p,a,b)G(p,a,b)dpdb
ii) Let f(x,t) = g(x, t) then
f j £ 0 G dxde =S [ [ R0, b PG, BYdpdb
coseca
oo | [ Fwandpas
coseca
f f |f (x, £)|?dxdt = BaZcT f f |F(p,a,b)|?dpdb
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CONCLUSION:

In this paper Scaling property, Differential

property, Modulation property and Parseval’s

identity of fractional Fourier-Wavelet transform
are discussed.
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